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Abstract 

We study the sine-Gordon model in two dimensional space time in two dif- 
ferent domains. For (3 > 8tt and weak coupling, we introduce an ultraviolet 
cutoff and study the infrared behavior. A renormalization group analysis shows 
that the the model is asymptotically free in the infrared. For (3 < 8tt and weak 
coupling, we introduce an infrared cutoff and study the ultraviolet behavior. A 
renormalization group analysis shows that the model is asymptotically free in the 
ultraviolet. 
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1 Introduction 



We are concerned with the two dimensional sine-Gordon model. The model is charac- 
terized by its partition function which is formally 

Z = Jexp((J cos(0(x))cfe - ±-J \d(j>(x)\ 2 dx] ]J d<f>{x) (1) 



x&R? 



It is of interest both as a Euclidean quantum field theory and because it describes the 
classical statistical mechanics of a Coulomb gas with inverse temperature /3 and activity 
C/2. 

The expression for Z is ill-defined. To make sense of it we first replace the plane 
R 2 by the torus A M = K 2 /L M Z 2 , where M is a non-negative integer and L is a fixed 
large positive constant. Then the quadratic term is combined with the non-existent 
Lebesgue measure to give a Gaussian measure. Introduction of a short distance cutoff 
at scale L~ N gives the Gaussian measure /ig„M with covariance 



fiv» N {x - y) = /3IAMI- 1 £ £__ e -^— ( 2 ) 



where A* M = (2nL)~ M T? . Since p = is excluded the measure is supported on fields (j) 
with J* (j> — 0. Furthermore the covariance is smooth and so the measure is supported 
on smooth functions. Thus the cutoff expression 

exp(V^ cos((p(x))dx^ dpip v M N ((f)). (3) 

is well-defined. We are interested in studying the limits iV — > oo (the UV problem) and 
M — > oo (the IR problem). 

There are two distinct domains in which these problems are tractable. For (3 > 8tt 
and ( small it turns out that the long distance behavior differs only slightly from that 
of the free model (( = 0) and thus the IR problem can be controlled. For j3 < 8it and 
( small it turns out that the short distance behavior differs only slightly from free and 
thus the UV problem can be controlled. The purpose of this paper is to carry out the 
analysis in each case using a renormalization group (RG) method. 



Each of these problems have been previously studied by the authors in [13[ and [15 . 
Unfortunately there is an error which occurs in both papers and spoils the proofs of the 
main results.^] In our present paper we are at last able to fix this error, and reinstate 
our earlier results. The fix requires some substantial modifications to the method, and 
so we give here reasonably self-contained proofs of the main technical lemmas. 

lr The problem is that for the homotopy property one needs n small, but the limitation on k cannot 
be made independently of L as was implicitly assumed. In fact one needs k < 0(L~ 2 ) or smaller. 
Then the use of Sobolev inequalities require K-(h\) 2 > 0(1) and hence h\ > O(L). This spoils the 
estimate above line (49) in pa]. There is a similar problem in pa]. 
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We first discuss the IR problem for f3 > 8tt. We study the expression (|3|) with the 
ultraviolet cutoff N fixed: for simplicity we take N = 0. The RG method involves the 
introduction of a sum over scales. For any < j < M we have 

Vq{* -y)= £ C M -\L-\x - y)) + v? '(£ ' [r - y)) (4) 

k=0 

The slice covariances are defined byf] 

C M (x-y) = \A M r £ ^-^(e" p4 -e- LV ) (5) 

The integral over Hp v M in the partition function can then be evaluated by successively 
taking convolutions with \ipc and then scaling down by L. After j steps we have the 
expression 

Z -- 



Zj(<f>) dn pv M-j((j)) (6) 
with successive densities Zj defined on Ajvf-j and related by 

Z j+1 {<f>) = (jipc * Zi){(j> L ) = J Zj{<j> L + OdfipciO (7) 

where <Pl{x) = <fi(x/L) is the canonical rescaling of the field for d = 2. Equation (^) is 
the RG map. We want to study the flow starting with Zo(<f>) = exp(£ / cos0). 

To track the flow we must isolate the fastest growing parts of Zj during each RG 
step. We extract a constant part and a gradient part and instead of ([?]) now define 
Zj+i by 

Zj+M exp (sE^Am-A - ^ (d<f>) 2> J = [ppa * Z,) (<f> L ) (8) 

with special choices of 5Ej,5<jj. The quadratic factor is absorbed into the measure at 
each step and so instead of ([]) we have for some constants Sj, <jj 

Z = e £ * Jz^d^M-i^) (9) 

where 

v™(a; x-y) = \Am\~ 1 £ "-^^ + °Y X (10) 

The successive values of aj are given by = Cj + 5o j and there is a similar formula 
for £j+i in terms of Sj, 5Ej and 5a j. 

2 We have chosen to take e _p4 rather than say e~ p2 in (||),(^) in order to have a smoother approach 
to infinite volume at p = 0. 
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To state the main result we need one more ingredient. This is a local structure for 
the densities Zj. Following Brydges and Yau jll| densities are represented by polymer 



expansions Zj((fi) = £xp(D + Kj)(Aj,(f>) as we now explain. A closed polymer X is a 
union of closed unit squares centered on lattice points. A polymer activity is a function 
K(X, (p) depending on polymers X and fields <f> with the property that the dependence 
on cf) is localized in X. One can define a product on polymer activities and an associated 
exponential function (£xp(K))(X,<f)). If □ is the characteristic function of open unit 
cells then 

Sxp(n + K)(X,(f>)= £11 ( n ) 

{**} * 

where the sum is over collections of disjoint polymers {X{\ in X. For an exposition of 
polymers see ||. 

Now we can state the IR result: 

Theorem 1 Let (3 > 8tt, let e > 0, let L be sufficiently large, and let \(\ be sufficiently 
small. Then for j = 0, 1, 2, .. the partition function Z defined by (W with N = can be 
written 

Z = e £ * J Sx P (a + KMAm-j, 0)^m-, ((T . ) (0) (12) 

where Sj/\Am\ and <jj are bounded and 0(|C|) uniformly in M. The polymer activities 
Kj are even and 2it -periodic in <fi. There is a norm || ■ such that 

ii^-iioo <^icr- e (13) 

where 5 = 0(1) max{L -2 , L 2 ~^/ 47r } < 1/4 

Here and throughout the paper 0(1) means a constant which is independent of 
L, C, M,j. The norm Hi^Hoo of Kj(X,<f)) enforces conditions of growth and analyticity 
in (p and requires tree decay in A. A more precise version of the theorem will be stated 
later when we come to the proof. 

The point is that Kj shrinks uniformly in M so that the dominant contribution as 
j — > M is from the Gaussian measure. The result gives a uniform bound on the energy 
density log Z/\Am\ and it should be possible to also take the limit M — ► oo. Everything 
should also be analytic in ( in a complex neighborhood of the origin. The only difficult 



part here is working with complex measures; see [II] for a treatment of this problem 
for the closely related dipole gas. 

A modification of this theorem to include local perturbations should make it possible 
to study correlation functions for the model, proving the existence of the M — > oo limit 
and showing that the long distance behavior of correlations is essentially the same as 



free. See |L9| for results of this nature, and [0, for the closely related dipole gas. 

Let us mention some earlier work on this model. It was first treated heuristically 
by Kosterlitz and Thouless ||20|| . Frohlich and Spencer later gave a rigorous treatment 
for p large Jl7| by a special method (not the RG). The range of validity was extended 



to (3 > 8tt by Marchetti and Klein 
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Now we discuss the UV problem for (3 < 8tt. We start with a fixed torus Am- For 
simplicity take the unit torus A so the starting covariance is v°_ N . We also make a 
renormalization replacing cos(0(x)) by the Wick ordered version 

: cos(0(x)) :p v o_ N = exp(j3v°_ N (0)/2) cos(0(x)) (14) 

Thus we study the partition function 

Z = J exp jf : cos((f){x)) : 0v o_ n dx^j d^ v o_ N {(j)) (15) 

We scale up to get an expression for Z on A n. Absorbing the Wick ordering constant 
into the coupling constant one finds that 

Z = Jexp\C- N J^ cos(<f)(x))dxj diip v N(<f)) (16) 

where for any j < 

= L- 2 ^ exp(^ b1 (0)/2)C « L-W*MC (17) 

The UV problem of controlling the limit N —>■ oo by an RG analysis looks very 
much like the IR problem. The main difference is that the coupling constants Q start 
out ultra small at j = —N and grow to a small value Co — C> instead of starting out 
small and then shrinking. A technical simplification is that the field strength extraction 
is no longer needed and we can take aj = 0. 

We define 



V{X,<j>): 

and then the result is : 



J A cos(4>(x))dx X = A = unit square 
I XI > 2 



Theorem 2 Let (3 < 87r, let e > 0, let L be sufficiently large, and let |£| be sufficiently 
small. Then for j = —N, —N + 1, . . . , the partition function given by flldj) or ftldj) 

can be written 

Z = e e > j Sxp^ + K,)^ 4>W p ^{4>) (19) 

where 

j-i 

£j = 6E k \A\ k \\ 

k=-N 

Kj = QV + Kj (20) 
The Kj are even and 2tt -periodic in <f>, and 5Ej,Kj are analytic in ( and satisfy 

m\ < ioi 2 - e 

ll^lloo < \Q\ 2 ' e (21) 

for some norm || • ||oo ■ 



6 



For (3 < Air the theorem implies that Z is uniformly bounded and analytic in (. 
For 4ir < (3 < 8tt it isolates the divergence in Z. One can also show that SEj, Kj have 
limits as iV — > oo, and hence so does Z (for (3 < An). |15| 

A modification of this theorem to include local perturbations should make it possible 
to study correlation functions for (3 < 8n . (The potentially divergent factor Sj does 
not contribute to correlation functions). One should be able to take the N — > oo limit 
and study the short distance behavior of correlations. See [fL5l, ||19|l for results of this 
nature. Also see [12] for a proof that at (3 = 47r the theory is equivalent to a theory of 
massive free fermions. 

Earlier work on this problem can be found in 



2 Estimates on the RG map 

Our treatment of the RG map on polymer activities is similar to that used in previous 
papers HH , [[[1] , [H, H- However there are essential modifications: references ||, ||, 
which we follow as much as possible, use open polymers while we have to use closed 
polymers as in [13|,[0 ( see the discussion in the next section ). Our norms are now 
simpler as well, a simplification we pay for with some harder proofs. 

In this chapter, we analyze a single RG map on a torus A = Am = R d /L Mr L d of 
arbitrary dimension d > 2. We work with the fixed covariance 



C 



M, 



y) = I Am 



-i 



a 



-i 



peA* p^o 



(22) 



and \a\ assumed small, although the results holds for a much larger class. We start by 
defining our norms. Then we consider separately the three pieces of the RG: fluctuation, 
extraction, and scaling. Finally we put them together in Theorem |TU] to give an overall 
estimate on the RG map. 



2.1 Norms 

Let the Banach spaces C r (X),C s (X) of smooth fields 0(x) on a closed polymer X be 
defined respectively for fixed r, s > by the following norms: 



x 



s,X 



oo,r,X 



2,s,X 



sup \d a (p(x) 

\ct\<r, xdX 



Six 19 " 

|q|<s 



(x) I dx 



We assume s > d/2 + r to ensure a Sobolev inequality 
the corresponding dense embedding C S (X) C C r (X). 



1/2 



(23) 

oo,r,x < 0(l)\\4>\\ 2jS!X and 
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Let K(X,(p) be a smooth function on C S (X). Thus we assume the existence of 
all derivatives K n (X,<p). These are continuous symmetric multilinear functionals on 
C S (X). In fact make stronger assumption that these derivatives have continuous exten- 
sions to C r by demanding the fmiteness of the following norm 

\\K n {X,<f>)\\ = sup \K n {X,<f>; A,..., /„)|. (24) 

/j£C«(X) 
l/illoc.r.X^ 1 

A large field regulator is a functional of the form 

G(k, X, 0) = G'(k, X, 0)5G(k, aX, 0) (25) 



G"( K ,X,0) = exp( K J] / |fl 



1< a <& 



where 



5G(k,<9X,0) = exp(Kc £ / l^l 2 ) (26) 

\a\=l JdX 

with constants k, c < 1 to be specified. 
A large set regulator T(X) has the form 

T(X) = A m Q(X) (27) 

for a parameter A > 1 and factor 0(X) such that 0(X) has polynomial tree decay 
(see [[11]], || for the exact definition). For our present paper we fix A = L d+3 , and also 



define T P (X) = 2Pl x lr(X) for any p = ±1, ±2, 

In terms of regulators G, T and a further parameter h > we define the norms: 

\\K\\ G , h , T = E r(X)||K(X)|| G ,, 



xda 
oo ^ n 



\\K(x)\\G >h = E-tII^WHg 



n=0 n! 



||AT„(X)|| G = sup H^CX^IIGCX,^)- 1 . (28) 

cp<=C s (X) 

The sum over X is independent of the unit block A for translation invariant K. 

These norms are simpler than the norms in earlier versions of this formalism in 
which one first localizes the derivatives in unit blocks, then takes the supremum over 
the fields, and finally sums over blocks. The previous version (designed for models 
in d > 2) controls the fluctuation step in an elegant manner, but in d = 2 leads to 
unbounded growth in the parameter h in the scaling step. The present norms require 
a different treatment of fluctuation, but avoid growth in h. 

Another point concerns the boundary term SG(k, dX, 0) in the large field regulator 
G(n,X,(j)). It is present to absorb the growth of G'(K,X,(f>) a feature upon which 
we elaborate in the next section. However we also need G(X)G(Y) < G(X U Y) for 
disjoint polymers. The boundary term spoils this if the polymers are open since disjoint 
polymers may have pieces of their boundaries in common. This is the reason we have 
taken closed polymers. 



S 



2.2 Fluctuation 



Given a localized density Sxp(D + K) and the Gaussian measure \ic we want to find 
new polymer activities TK such that fic * £xp(0 + K) = £xp(D + TK) and such that 
we more or less preserve control over size and localization. We accomplish this using the 
framework of Brydges and Yau [pi] (see also Brydges and Kennedy ||). Those authors 
actually give two constructions. The first is by solving a functional Hamilton- Jacobi 
equation for fi t c * £xp(0 + K). This is elegant and efficient, but with our new norms 
we cannot take advantage of it (since we can no longer keep the large set regulator 
r constant). Instead we use the second construction of Brydges and Yau, an explicit 
cluster expansion. Cluster expansions have a long history starting with [|TBJ . 

We begin with the purely combinatoric part. Let F(s) be a continuously differen- 
tiable function of s = {sij} where < Sij < 1 and where ij runs over the distinct 
unordered pairs (bonds) from some finite index set. A graph G on this set is a collection 
of bonds , and it is called a forest if it has no closed loops. The set of all forests is 
denoted T . Finally we define 

o~ij(G, s) = infjsfe : b G path joining ij in G} (29) 

with the convention that o~ij(G,s) = if there is no path joining ij in G. Then for 
1 = {1,1,...,1} 

F 0) = E / II ds > (II d Sb F)(a(G,s)) (30) 
GeF beG beG 

where the G = term is interpreted as F(0). For the proof see Abdesalam and 
Rivasseau Jl|] or Brydges and Martin, Theorem VIII. 2 [[K] . 
Now for any X, Y define 

C(X 1 Y)(x,y) = ±\ X x{x)xY(y)+XY(x)xx(y)]C(x-y) (31) 

and let Cx = C(X,X) be the restriction of C to X. Suppose that {Xi} is a collection 
of disjoint polymers whose union is X. Then the restriction Cx can be written 

C x = J2C(X i ,X j ) (32) 
with the sum over ordered pairs. We weaken the coupling between Xi, Xj with param- 

C x (s) = Y;C(X i ,X j )s ij (33) 
hi 

where Su = 1. Now while C x (s) is not necessarily positive definite, Cx(c(T, s)) is 
positive definite for any s and any tree T |J, [ jH| . 

Let Ac be the functional Laplacian given formally by: 



eters and define 
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Lemma 3 [T1J, jffl For smooth polymer activities K 



He * Exp{U + K) = £xp(n + TK) (35) 

with 

TK{X) = [ dsT »C X (*(T, S )) * II (-2A c(Xi , Xj) ) Y[K(Xi) (36) 

where the sum is over collections of disjoint polymers {X{\ whose union is X, and over 
tree graphs T on {X{\. If {X{\ = {X} the term is interpreted as fic * X(X). 

Proof: We start with 

fji c *Sxp(D + K)(X)= X>c*n*W) (37) 

In the expression fie * Hi K{Xi, <fi) we regard the product as a function of fields <fi on 
X only, and replace the covariance C by If {Xi} = {X} has only one element 

we leave the expression alone. Otherwise there are two or more subsets and for each 
{Xi} we analyze F(l) = fic x * Y\ i K{X i ) by introducing the interpolation F(s) = 
f'Cx(s) * Hi K{Xi) with Cx(s) given by fl3"3"|), and then making the expansion (RH). This 
gives the expression 

E E / ds G (d G v Cx{s) * II K(Xi)) (38) 

{Xi} G V i ) s =a(G,s) 

Now the graph G can be regarded as a union of trees {T k }. Grouping together the 
polymers {Xi} linked by the trees yields new disjoint polymers {Y^}. The covariance 
Cx(s) preserves the {Y^} since o~ij(G, s) = for blocks Xi,Xj in different trees. We 
can write Cx{s) = ©fcCy fe (s). Then the integrand above factors and we have 




Now we group together the terms in the sum by the they determine and find 

E II FK(Y k ) = Sxp{U + TK) (40) 

{Y k } k 

where 

TK{Y)= £ fds T (d T ^ CY{s) *l[K(X i )) (41) 

{Xi},T^Y \ i I s =a{T,s) 

3 Our assumption that K(X, </>) has <j> dependence localized in X means that the function is mea- 
surable with respect to T,x, the er-algebra generated by {(/> x }xex ■ 
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The result now follows since dCy(s) j 'dsij = 2C(Xi,Xj) and hence d/dsij(/j,c Y (s) *F) = 
^c Y (s) * {-2A c{x ^ Xj ))F and hence 

d T »c Y {s) * = A«cvw * II (-2A C ( Mj) ) U K W ( 42 ) 

□ 

The behavior in of J-K(X, <fi) will turn out to be slightly worse than that for 
K(X, ip) which means we have to take a larger large field regulator. It is convenient to 
choose a regulator which is a scaling of the original. Let the field scaled up by t > 1 
be defined by 

<f> e ( x ) = r id - 2)/2 <j>(x/£) (43) 
(our convention here is different from earlier papers). Then define 

G e (K,X,<l>) = (f>i-i) 

(44) 



exp f k V £ 2H ~ 2 [ \d a (f)\ 2 + kc t [ \d a S 2 ) 



For the applications we have in mind we need 1 < £ < L: for definiteness we take I = 2 
in the following. 

For unit blocks A, A' define 

C*(A, A') = ||C(A, A')||d(A, A') 2d 6(A, A') (45) 

Here the norm is the C r norm in each variable, d(A, A') is Euclidean distance between 
block centres, and 9 is the distance function built into the tree decay factor in (|27|). 
Now define 

||C|U = sup £ C*(A, A') (46) 

Theorem 4 Let nc~ 1 L 2 be sufficiently small. Then there is a constant 7 depending 
only on the dimension such that if < Sh < h and for some p 

5h 2 >^ 2 \\C\U \\K\\ G{K)A r p+z (47) 

then 

^FK\\ Gl { K ),h-8h,T v < 2||-R r ||G(«),/i,r I , +3 (48) 



Remark: The linearization T\K = fie * K satisfies the same bound (or even the 
better bound with 5h = 0). 
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Proof: We adapt the analysis of [O] to our norms. In (|36| ) change to a sum on 
disjoint ordered polymers (Xi, ...,X N ) and regard T as a tree on (1, JV). Then we 
have 

•FAT(X) = nc*K{X) 

oo i . AT 

+ E ^ E E / ^fe H r, s) ) * II A ^,x,) II^W ( 49 ) 

N=2 JV • (Xi,...,X N ) T 

We next introduce a sum over unit blocks: for b = {ij} 



i=l 



A 



E A C(A M ,At 



C(Xi,Xj) ly^ZAJ^iVy 

A w eXi,A6,-ex 



Taking derivatives and norms yields 



OO 1 

||(^)„(X)||<||^*K n (X)|| + £ — 

JV=2 JV - (Xi,...,Xjv) r {A M ,A W } 
JV 



E E E 



E 



nl 



y y rfs T ||/ic x ( CT (T, S )) * 



n a c(a m ,a 6j ) n^( x * 



6eT 



In Lemma ||] to follow we show that for kc 1 L 2 sufficiently small 

»C x (a(T,s)) * G{K,X) < G £ (K,X)2^ 



(50) 



(51) 



(52) 



which makes it possible to estimate the above convolutions. Using this and G(k, X) 
Y\iG(K, X^ (since the Xi are disjoint) we find (see [fj for more details) 



\\(FK) n (X)\\ 0t to < \\K n \\ G{K) + E E EE 

JV=2 iV - (X U ...,X N ) T {AuAbj} 



E 



nl 



JV 



ni,...,njv 



n 1 \...n N \ 



8=1 



A Cauchy bound yields 

d_ 

" dh 



^t\\K{Xi)\\ G{K) ^ 5h <{5h) di di\\\K(Xi)\\ G ( K ) th 
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(53) 



Here di is the incidence number for the i th vertex in the graph T. 
Now multiply by (h — 5h) n /n\ and sum over n to obtain 

OO 

\\FK(X)\\ G t( K) , h - Sh < \\K n (X)\\ aMth + £ — E E E 

N=2 ly - (Xi,...,Xjv) T {A Mi A 6j } 

JV 7 

II l|C(A«, A 6i )|| Il(^) lK(Xi)\\G( K ), h -5H 2^ (54) 



(55) 



It is proved in Lemma ^| to follow that for any i we have 

cf^^n^AfeA^ (56) 

bBi 

for some constant 7. Taking into account that J2i di = 2N — 2 this gives 

I[^<l 2N - 2 I[d(A bz ,A bj ) 2d (57) 

i b 

and so 

\\mmG e{K ),h- Sh <\\K(x)\\ G{K) , h +j:- e e e 

N=2 JV - {X lt ...,X N ) T {AbiAbj} 
N 

(7 flr 1 ) 2 "" 2 J] \\C(A H , A 6i )||ood(A w , Ay) M II 2 |Xd ( 58 ) 

6gT i=l 

Now multiply by 

r p (x) < nr^n^Aii, A bi ) (59) 

i 6 

and identify n& C*(Afo, A bj ). Next sum over X D A and dominate the expression by 
a sum over z and a sum over unrestricted disjoint (Xl,...,Aat) such that A io D A. 
To estimate this sum and the sum over {A^A^}, we start at the twigs of the tree 
and work inward leaving to the last the set Xi Q which is pinned. Suppose that when 
we come to a vertex i we have gained a factor IX^ -1 from the previous estimates. If 
b = {ij} is the remaining inward bond at this vertex and A = A&, A' = Ay, then we 
have 

E E a(A,A)||K(X J )|| G(K ),,r p+1 (A,)|A J | d - 1 

< E E a(A ) A)||^(A i )|| G(K)i ,r p+3 (X i )(d J -l)! 
Xi AeXi.A'ex,- 

< E a(A,A)||X|| GWA r p+ 3(^-l)! 
A'eXjA 

< WCUKh^^lXiKdt-iy. (60) 

This gives a factor \Xj\ for the j vertex. The case for i = is special and we have 
d-ky < (N — l)(di — 1)!) . There is also a factor X for the sum over zq and combining 
all the above yields 

00 N 

\\rK\\ Gt w,h-6h,r p < \\K\\ G{K) , h , Vp+3 (l + E / aj" o\ | E II ~ ( 61 ) 

n=2 v JV z /- r i=i 

where a = 7 2 <5/i~ 2 ||Cl|*||-^||G(K),ft,r p+3 - But the number of trees with given incidence 
numbers di is (N — 2)!/ Yli(di — 1)! by Cayley's theorem, and the number of choices of 
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di is bounded by 2 2N ~ 2 = A x . Thus the sum over T is bounded by (N — 2)!4 7V_1 . 
Then the sum over N is bounded by J2 C N=2( / ^ a ) N ~ 1 an d this i s l ess that 1 since our 
basic assumption is 4a < 1/2 

□ 

This completes the proof of the theorem, except for the following two results which 
we skipped. 

Lemma 5 Let kc~ 1 L 2 be sufficiently small. Then 

MCxK2») * G(«, X) < G t (K, X)2^ (62) 

Proof: (see Q for more details) Consider for < t < 1 the family of large field 
regulators 

G t (K, X) = 2'W [G t {K, X)} 1 [G(k, X)] 1 - 1 (63) 
We prove for < t < 1 that 

Htc x {o{T,s)) * G (k, X) < G t (K, X) (64) 

The result we want comes at t — 1. 

We have G t (X) = exp(U(t,X)) where (with i = 2) 

U{t,X)=t\og(2)\X\ + K V / \d a <P\ 2 -(2 2 ^-H+(l-t)) + Kc [ \d<P\ 2 (l + t) (65) 
The bound (|6^) is implied by 

A CxWT „ ))C / + i C , W T, S ))g,^)<f (66) 

Showing flSED is a somewhat lengthy computation in which every term on the left is 
bounded by corresponding terms on the right for k sufficiently small. The terms with 
| a | = 1 are special since there is no corresponding term on the right. Instead one 
integrates by parts. This adds derivatives and boundary terms both of which can be 
bounded. 

The condition on k turns out to be that the following quantities be sufficiently small: 
k sup sap\(d^dlC x (a(T,s)))(x,x)\ 

l<\a\,\/3\<sx£X 

KC~ l SUp SUp / 
0<\a\,\P\<sx&X JX 



\(d:dPC x (a(T,s)))(x,y)\dy 
kc~ 1 sup sup/ \(^C x (a(T,s)))(x,y)\dy (67) 

0<\a\,\/3\<sxeXJdX 



14 



These quantities are bounded by the corresponding quantities with a = 1. Note from 
Lemma ^2] in the appendix, (d^d^C)(x,x) is bounded by 0(1). The second and third 
quantities are bounded by same expressions with X = A and X = the d—1 dimensional 
"checkerboard" in A. For both these integrals, we use Lemma |22] again and find the 
worst bound is kc~ x L 2 . Hence the result follows. 

□ 



Lemma 6 Let A and Ai,...A n be distinct unit blocks. Then there is a constant 7 
depending only on the dimension d such that 



n\ < 7" J] d(A, A 3 ) d (68) 
j=i 



Remark: Bounds of this type were introduced in 18 



Proof: Let m r be the number of unit blocks intersecting a ball of radius r centered 
on a lattice point, and select 7 so m r < r yr d for all r > 1. Order the blocks so that 

d(A,Ai) < ... < d(A,A n ) (69) 

Then the ball of radius = d(A, A&) around the center of A intersects m Tk unit blocks 
and m Tk > k. Then k < m rk < 'yrf. and we have 

XL Th Tl 

ni = n k < n vi = i n n d ^ ( 7 °) 

k=l k=l k=l 

□ 



2.3 Extraction 

In the extraction step we remove a polymer activity F from the general activity K. 
Usually F is some low order terms in K but we do not assume this at first. The 
extraction is defined so that 



£xp(n + K){A,(f>) =exp ( F(X,(f))) £xp(a + £(K, 

\XcA I 



F))(A,0) (71) 



with new polymer activities £(K, F). To specify £(K, F) we define 

K(X) = K(X)-(e F -l)+(X) 



> F -1) + (Y) = E IK^-l) (72) 
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where the sum is over collections {Yj} of distinct polymers which are overlap connected 
and whose union is Y. Then formula ([n]) holds with S(K, F) given by 

S(K,F)(Z)= J2 II^WlKe-^-l)- (73) 

{Xi},{y 3 -}-*z i i 

where the sum is over collections of disjoint subsets {X{\ and collections of distinct 
subsets {Yj} each intersecting some Xj, so that the {Xi}, {Yj} are overlap connected 
and their union is Z. This version of extraction is taken from to which we refer 
for a proof. The linearization of S(K, F) in X and F is £i(K, F) = K — F: this is the 
sense in which F has been removed from K. 

To obtain estimates on S(K,F) we will need estimates like G(X) < G(Z) when 
X C Z. For this to be true we have to be able to dominate 5G by G' so we can 
"dissolve" the pieces of dX which do not contribute to dZ. This means that the 
constant c in 8G has to be sufficiently small. Let c s be the Sobolev constant defined so 
that for x G A, the closed unit block, we have \d(j)(x)\ 2 < c s Xa<| a |<s Ja \d a( t ) \ 2 - 

Lemma 7 For X C Z , k > and c < (2d c s ) _1 we have 

G(k,X)<G(k,Z) (74) 

If c < (Ad c s )~ l the same bound holds with G replaced by Ge, £ = 2. 

Proof: Let / be a face {d — 1 cell) in <9X which does not contribute to dZ. Any 
such face / must be also be a face for some A in Z — X . Then we can "dissolve" the 
boundary by using the Sobolev inequality and the bound on c to obtain 

SG(kJ) < G'(K/2d,A) (75) 

Each A arises from at most 2d faces and so 

5G(k,8X -dZ) <G'{k,Z -X) (76) 

Thus we have 

G(k,X) = G'(K,X)5G(K,dX -dZ)5G(K,dZ ndX) 

< G'(k, Z)G(k, dZ n dX) (77) 

Since 5G{k, dZ n dX) < 8G{k, dZ) the result follows. 

□ 

We now assume F satisfies the following localization property: F(X, <fi) has the 
decomposition 

F(X,(f>)= HX,A,<f>) (78) 
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where A is summed over unit blocks, and F(X, A, <p) has the dependence localized 
in A. 

We also need stability conditions on the perturbation F. Let f(X) be a collection 
of constants. We say that F is stable for (G, h, f(X)) if for complex z(X) 

sup || exp j z(X)F(X, A)) \\ Gih < 2 (79) 

\z(X)\f(X)<l [ XdA J 

For a method to verify the stability hypothesis see the appendix. 

Theorem 8 Let c < (2d c^)" 1 . Suppose that F is stable for (G(k), h, f(X)) and for 
(G'(SK),h,Sf(X)) and that ||/||r p+4 ,P/||r p+2 and ||iT||G( re ),/i,r J1+ 2 are sufficiently small. 
Then there is a constant 0(1) such that 

\\£(K,F)\\ G{K+SK)Arp < 0(l)(\\K\\ G(K)ATp+2 + \\f\\ Tp+4 ) (80) 

For c < (Ad Cg)" 1 the same bound holds with each G replaced by Gt>, t = 2. 



Proof: The proof is similar to |J where however the extraction is not global. We 
start with (|73|) which can be written 

£(K,F)(Z) = £ n^i)II^ / TT~~T\ ex P i~ z j F ( Y i)} (81) 

{Xi},{Yj}-*Z i j Z7U J Z 0\ Z 3 L J 

The integral is over the circles \zj\5f(Yj) = 1. Inserting F(Y) = J2acy F(Y, A) we can 
rewrite this as 

£(K,F)(Z) 

{Xi},{Yj}-+Z i j Z '' UJ i v J L > ACZ { j ) 

Now we note 

IJ G(k, Xi) [] G'(5k, A) < G(k + 5k, Z) (83) 

i AcZ 

This follows from YliG(n, Xi) = G(k, UjXj) < G(k,Z) (by the lemma) and from 
IIacz G'(Sk, A) = G'(8k,Z) < G(8k,Z). Using this estimate and the multiplicative 
property of the norm we obtain 

\\£(K,F)(z)\\ G(K+SK) , h < nii^miiwn^wc^) 

SUp II II 6X P l - E A ) [ \\G'{Sn),h (84) 

N|5/(^)<lAcZ [ j J 
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By our second stability assumption the last factor is bounded by 2' Z L Now we write 

y =y — *— y 

{Xi},^} N,M - 1V1 ■ (X U ...,X N ),(Y U ...,Y M ) 

where the sum is over ordered sets, but otherwise the restrictions apply. We multiply 
by T P (Z), identify 2^r p (Z) = T P+1 (Z) and use T P+1 (Z) < Ui r p+1 (X 4 ) Uj W^) 
which follows from the overlap connectedness. Then sum over Z with a pin, and use a 
spanning tree argument and the small norm hypotheses to obtain 

\\S(K,F)\\ G{K+SK) , h ,r p < £ ^^(0(l))^l^llc W Ar P+2 ll^llrt +2 

W>1,M>0 JV - iw - 

< 0(1)11*11 (85) 

(In the last step use (N + M)\/N\M\ < 2 N+M . ) 
Recall that K = K - (e F - 1)+. We write 



{Yj} 3 



now with the integral over \zj\f(Yj) = 1. Proceeding as above and using the first 
stability assumption we have 

II (e F - l) + (Y)\\ G(K) , h < 2™ £ Umm) (87) 

{Yj} 3 

and hence 

oo 

||(e F -l) + || G ( K)A r p+2 < Y,(0(l)) N \\f\\? p+4 <0(l)\\f\\ Tp+4 (88) 

N=l 

This gives the result. 

□ 



2.4 Scaling 

In the scaling step we define new polymer activities S(K) so that 

€xp(D + K)(A, (j> L ) = Sxp{U + S(K))(L^A, 0) (89) 

Here the scaled field is 4>l{x) = L~ a (f)(x/L) with a = dim0 = (d — 2)/2. After a 
rearrangement one finds 

S(K)(X,<j>) = £ HKiYM (90) 

{Yi}->LX i 

where the Yi are disjoint but the L-closures Y t L overlap and fill LX. 
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Theorem 9 Let c < (2d L d l 2 c s ) 1 and define hi = L a h. For any positive p, q there 
is a constant 0(1) such that 

\\S(K)\\ G(K)Arp < 0(l)L d \\K\\ GL(K) , hL>rp _ q (91) 

provided \\K\\G L (K),h Ll r p - q is sufficiently small. 

Proof: Let Y = U^. Since L~ l Y C X we have by a generalization of Lemma ^ and 
the bound c < (2d L d ' 2 c,)" 1 

J] G(«, L -1 ^) = L _1 F) < X) (92) 

i 

The point here is that we need the Sobolev inequality on the L _1 scale which means 
that we must replace c s by the larger L d l 2 c s . 

In the definition of S(K) we write K(Y { , <p L ) = K L -\(L~ X Y^ <f) and by ( |9"2] ) and the 
multiplicative property of the norm we have 

\\S(K)(X)\\ G(K) , h < £ nil^-^^llw (93) 

{Yi}-*LX i 

However \\K L -,(L- l Y)\\ G{K)th < \\K(Y)\\ GL{K)thL and so 

||5(lO(A:)|| GWfA < £ IIII^OIIoxW^ (94) 

Now multiply by T P (X). By the connectedness we have T P (X) < Yl i T p (L~ 1 Y i L ). 
Furthermore we have the bound |[l 1] for some constant 0(1): 



r p (L~ y ) < o(i)r p _,(y) (95) 

Summing over X with a pin and using a spanning tree argument we obtain 

00 

\\S(K)\\ G(K)Arp < £ (0(l)L d ||K|| GL(K) ,, Lirp _J w (96) 

N=l 

This gives the result. 



□ 



Remark: The linearization given by 



S 1 (K)(X,<P)= £ K(YAl) (97) 

Y L =LX 



also satisfies the same bound. 
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2.5 Summary 

We combine the three steps into one theorem which tells how the polymer activity 
changes under a single RG step. Our assumptions on the polymer activity K, the 
extraction F, and parameters k, 5k, h, 5h are as follows: 

1. ||G(«),ft,r is sufficiently small. 

2. The constants k, c in G(k) satisfy c < (2d L d ' 2 c,)" 1 and kc l L 2 is sufficiently 
small. 

3. The inequality (5h) 2 > 8-y 2 ||C||* ||^||G(K),/i,r holds. 

4. The extraction F is stable for (Ge(K), h—Sh, f(X)) and for (G'^Sk), h—Sh, Sf(X)) 
with constants f(X),8f(X) such that ||/||r_i, ||5/||r_ 3 are sufficiently small and 
such that \\fWr_, <0(l)\\K\\ G{K)ih>T . 

Theorem 10 Under the above assumptions 
(fic*£xp(a + K)(A))( ( j )L )=ex V (Y^ F(X,<f> L )) £xp(n+K(K, F))(L _1 A, 0) (98) 

VXcA / 

where 

K(K,F)=S(£(F(K),F)) (99) 

In addition 

< 0(l)L d \\K\\ G{K)Ar (100) 
Proof: If K# = T[K) then by conditions 2,3, Theorem [| is applicable and so 

(lie * £xp{U + K)(A)) (0) = £xp(n + K*)(A, 0) (101) 

and 

\\K # \\ Ge{K) ^ Sh , r ^ < 2\\K\\ G{K)Ar (102) 
Then we extract F and we find 



£xp(n + K*)(A, 0) = exp [ ]T F ( X > 4>) J £ M n + K*)(A, 

\XcA / 



(103) 



where K* = £(K#,F). The hypoth eses of Theorem |] hold for K# and p = —5: one 
has that \\K # \\ Ge ( K ^ h _sh,r_ 3 is sufficiently small by assumption 1 and (|102|) . Therefore 



\\K*\\ GeiK+SK) , h - Sh>r _ B < 0(l)(\\K*\\ Gt{tt)th ^ r _ :i + \\fWr_,) < 0(l)\\K\\ G{K)Ar (104) 
Finally we scale and find by Theorem [| that 

£xp(D + K*)(A, <f> L ) = £xp(U + K'^L^A, 0) (105) 
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where K' = S(K*) = TZ(K,F), and since \\K*\\G e (n+sk),h~Sh,r_ 5 is sufficiently small we 
have 

\\K'\\G( K +8k),h-5h,r < 0(l)L d \\K*\\G L ( K +8k),(h-8h) L ,r^ 5 

< 0(l)L d \\K*\\ Ge ( K +8k),h-5h,r- 5 

< 0(l)L d \\K\\ G{K ), h ,r (106) 

This completes the proof. 

□ 

Remark: The linearization TZ\(K,F) = S\£\(!FiK,F) satisfies the same bound. 



3 More estimates 

The last theorem exhibits the obstruction to iterating the RG, namely the L d growth 
factor. The aim in what follows is to exhibit special cases where one can beat this 
growth factor. There are three mechanisms which are more or less model independent: 
higher order terms, large sets, and scaling for small sets with extractions. A fourth 
mechanism is estimates on the fluctuation integral for small sets and charged polymers 
and is special to the two dimensional sine-Gordon model. We discuss each of these in 
turn. 



3.1 Higher order terms 

We show that if K, F are small enough then the higher order terms in TZ(K, F) are 
even smaller. This fact, which follows from the next proposition with D = 0(L d ), will 
allow us to restrict attention to the linearized RG. 

Lemma 11 Suppose that K,F are small enough so that sK,sF satisfy the hypotheses 
of Theorem^T^ for all complex s in the disc \s\ < D for some D > 2. Then 

n(K,F)=n 1 (K,F)+TZ> 2 (K,F) (107) 

where 1Zi(K, F) is the linearization and 

< 0(l)D- 1 L d \\K\\ G{K)>h>T (108) 

Proof: By Theorem [H] we have that TZ(sK, sF) is well-defined for \s\ < D and 
satisfies 

\\K(sK,sF)\\ G{K+SK)ih _ 6hjT < 0{l)DL d \\K\\ G[K)AT (109) 

Furthermore it is not difficult to see that TZ(sK, sF) is analytic in s . Expand around 
s = and evaluate at s = 1 and obtain ( |107| ) with the remainder given by 



R>2 (*,F) = -U ( no) 

2m J\s\=d s 2 (s — 1) 
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Using the bound ( |109| ) and picking up an extra factor \s 2 | = D 2 we have the result. 

□ 



3.2 Large sets 

We next study the linearization 1Z\ (K, F) on large sets, that is on large polymers. A 
polymer X is called small if it is connected and has \X\ < 2 d . Otherwise it is a large 
polymer. 

The following gives favourable bounds for large sets: 
Lemma 12 Let K be supported on large sets. Then for any p,q > 

IISiCJOHwv < 0{l)L~ 2 \\K\\ GLthL ^ q (111) 



Under the hypotheses of theorem \TQ: 

||5i^ r iA'|| G ( K+ 5 K ) i / l _ ( 5/ li r < 0(l)L~ 2 \\K\\ G!yK ) )h p (112) 

Proof: The first bound follows by following the proof of Theorem |9| for the linear 
terms only, but replacing (|£?5| ) by the stronger inequality 

T p {L- l X L ) < <D{l)L- d - 2 T p _ q {X) (113) 

which is valid for large sets X. This inequality is proved in [11 and ||, Lemma 1. 

For the second bound we note that if K is supported on large sets then so is T\K. 
Thus we can use the first bound followed by our bound on T\. □ 

Remark: The second bound gives a good bound on TZi(K, F) = SiS^FiK, F) since 
we will use it in a situation where £i(K, F) = K and hence TZi(K, F) = S\!FiK. 



3.3 Small sets 

For small sets the usual strategy would be to extract the fastest growing terms (the rel- 
evant variables) and get good bounds on the remainder. This generally works when the 
canonical scaling dimension of the field is positive. However in d=2 the field has dimen- 
sion zero and any polynomial in the field is relevant, rendering the strategy intractable. 
For sine-Gordon we use the fact that the interaction is periodic under translations 
cf) — ► + 2tt in field space. This allows a Fourier analysis in this translation variable 
and a new contraction mechanism for the non-zero Fourier modes. The remaining zero 
modes depend only on dip which has a positive dimension and thus these terms can be 
handled by extraction. We now give the details. 
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Let K be a polymer activity which satisfies K(X,<f) + 2tt) = K(X,4>). Expand 
K(X, $ + 0) in a Fourier series in the real variable $ 



K{X, $ + 0) = fco(X, 0) + ]T e l "%(X, 0) (114) 

9^0 



A; 9 (X,0) = f e^*X(X,$ + 0) C /$. (115) 

Z7T J-7T 



where 

27T «/ — 7T 

Then 

K{X, 0) = fc (X, 0) + £ k q (X, 0). (116) 

The terms with g ^ are called the charged terms and the q = term is called the 
neutral term. The terminology is consistent with the Coulomb gas interpretation of the 
model. We sometimes also use the notation K(X, 0) = k (X, 0). 
Note that for a constant shift c of the field 

k q (X,((> + c) = e igc k q (X,<f>). (117) 

Also using G(k, X, 0) = G(k, X, + $) one can show 

\\k q \\ G ( K ), h ,r < ||-K"||o(*) I fc,r- (H8) 

3.3.1 Charged sector 

Now we show how in dimension two only, the charged terms exhibit significantly im- 
proved behaviour under the fluctuation step. 

Lemma 13 Let K(X, 0) be supported on small sets, and be periodic in with Fourier 
coefficients k q (X, 0) as above. Then for q ^ 

WfJ'C * k q \\ Ge (K)xr-i < m q \\k q \\G(K),h+N c ,r (119) 

where 

N c = sup inf \\C(--x)-C(0)\\ x 
x small xe 

m q = exp[-(|g| - 1/2)C(0)]. (120) 



Remark: The right side of ( |119[ ) can also be bounded by ||G(«),h-NVc,r- Then if 

k = so that -?T(X, 0) = X^o 0) we have 

* K\\ Gt{K)Ar _ x < \\K\\ G ( K ),h+Nc,r < 0(l)e- c ^/ 2 \\K\\ G{K)>h+Nctr . (121) 
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In d = 2, C(0) = C(logL), giving a significant decay factor for L large. In d > 2, 
C(0) = 0(1), and the decay factor is not significant. 

Proof: We have 

{ l i c *k q ){X,<f>) = J k^X^ + OdficiQ (122) 

Now let / be any function and shift the integral by ( — > ( + icr q f where a q is the sign 
of q. We find our expression is 

e (/ ' C ~ 1/)/2 / e-^'^k^X, + C + ia q f) ^c(C) (123) 
Taking f{y) = C(y — x) where x is an arbitrary point of X gives 

e c ( o)/2 J e — 9 C(^ (X; + c + l(TqC{ . _ x )) dfic (C) (124) 
Now use (|117|) with c = icr q C(0) to obtain 

(/i C * k q )(X, (f>) = m q [ e-'^k^X, <\> + C)<MC) ( 125 ) 



where 

^(X, 0) = fc 9 (X, + irr ff (C(. - x) - C(0))) (126) 

is a translation of 

Taking derivatives and norms: 

||(// c **g„(X,0)|| <m q J \\(k q , x UX,ct> + 0\\dfic(0 (127) 
By Lemma |5], // G * X) < G^(k, X)2' x and hence 

||(/i C * fe,)(X)|| G< , h < m g || M*)lkft 2^ (128) 
(still for any x G X). Now in general we can estimate translations by 

\\K(X,. + f)\\ Gjh < \\K(X)\\ Gih+mix (129) 



where \\f\\x is defined in (|2"3]). This can be seen by making a power series expansion in 
/. We apply this to k q>x and choose x G X to minimize ||C(- — sc) — C(0)||x, and find 

||^, x .(X)|| Gi ,< ||A; 9 (X)|| Gift+J v c (130) 

Combining (|128|) and (|130|) gives the result. 

□ 

Remark: The price we have paid for the strong contraction factor is a slight loss in 
the region of analyticity h + N G — » h or h — > h — Nq- Iterating this is a problem in 
d = 2 since we do not recover analyticity in the scaling step. For the UV problem this 
could be overcome by taking h very large at the start. However for the IR problem we 
just have to do better. 
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Lemma 14 Let the hypotheses of Lemma [T| hold. For < 77 < 1 , and any p, r > 0, 
\\Sik q \\ a ww, < 0{l)L d e^\ \\k q \\ GL{K) , hL{1 ^ /2)}Vp _ r (131) 

Remark: Suppose d = 2 so that Hl = h. The point of the lemma is that we have 
traded a slightly worse bound (the factor e^ vh ) for better analyticity (the improvement 
from h(l — rj/2) to h). If we combine Lemma [13] and Lemma [14| with the choice 
7] = 2h~ l Nc (assumed less than 1) we find 

H'Si-^iMcMAr = H^iO^c * k) q \\ G ( K ),h,r 

< 0(l)L 2 e^l||aic**) ff ||G iW ,fc(i-,/a)J-i 

< 0(l)L 2 e 2Arc l«lm ? ||A;J G(ft)Ar (132) 

Since C(0) = O(logL) and A^ c = O(l) the factor m 9 = exp(-(|g| - 1/2)C(0)) is 
stronger than the factor e 2Nc ^. Hence we have accomplished the goal of finding a 
strong contraction factor without losing analyticity. (Of course we still have to see if it 
is strong enough to beat the factor L 2 .) 

Before embarking on the proof of the lemma we note a preliminary result which 
exhibits improved scaling behavior when a function vanishes at a point. 

Lemma 15 Let Y be a small set in LX and suppose fiiv) = L~ a f (x / L) vanishes at 
some point <EY . Then 

Ml\\y < OML-^WfWx (133) 

Proof: First observe that d /3 (fi J (x)) = L _ ' /3 ' _a (9 /3 /)(L _1 x), so we need only look at 
the nonderivative term in the norm. Now note that for any y G Y the length of the 
shortest rectilinear path within Y from y to y*, is less than 0(1). Therefore since fi 
vanishes at 

\h(y)\ = \h(y) - h(y*)\ 

< 0(1) sup \dff L (z)\ 

zeY,\f3\=l 

< 0(l)L^ a \\f\\x (134) 

□ 

Proof (of Lemma [14]): With k' q = Sik q we have 



k' q {X^)= J2 k q (Y,<f> L ) (135) 

Y:Y L =LX 



where the sum is over small sets. For each term of ( |135| ) we use ( |1 1 7| ) to shift 4>l by a 



constant ?70l(|/*) where y* is an arbitrary point of Y. Then we have 

^(X,0)= J2 e^^k^il-rj^L + rj^) (136) 

Y L =LX 
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Here we have defined f(x) = f(x) — f(y*/L) so that fhiy) = fhiy) — fhiy*)- Lemma 
|15| implies 

||(1 - rj)f L + vIlWy < L- a [(l -rj) + (0(1)/L) V ] < L~ a [l - V /2] (137) 
whenever ||/||x ^ 1 an d so when computing derivatives we obtain 

\\{KUXA)\\< E E -^^(|g|r/r(l-r//2) & ||(A;,) 6 (r, (1-^)^+^)11 (138) 

YL=LX a+b=n a -°- 

We also have by fl92| ) 

G l {k, Y, (1 - r))(j> L + # x ) = G{k, L- l Y, 0) < G(k, X, 0) (139) 

and so 

\\(k'MX)\\G< E E ^L-™(\q\ V y(l- V /2mkMY)\\G L (140) 

and so 

KWIk^e^w E IIWII G L ,h L 0—r)/2) (141) 
y l =lx 

The rest of the proof follows as in theorem |9|. 

□ 

3.3.2 Neutral sector 

Improved bounds can be arranged for general activities defined on small sets by ex- 
tracting a finite number of terms characterised by low "scaling dimension". As in || 
we define the scaling dimension dim K of any polymer activity K by 

dim(lf n ) = r n + ndim0; 

dim(K) = inf dim(K n ) (142) 

where the infimum is taken over n such that K n (X, 0) 7^ 0. Here r n is defined to be the 
largest integer satisfying r n < r and K n (X, = 0; p xn ) = whenever p xn = (pi, . . . , p n ) 
is an n-tuple of polynomials of total degree less than r n . One can interpret r n as the 
number of derivatives present in the 0™ part of K (up to a maximum r). 
For comparison purposes we quote the following result from 0: 

Theorem 16 Suppose d > 3,, K(X,(p) is supported on small sets, and nh 2 > 0(1). 
Then for any p, q > there is a constant 0(1) such that 

||<Si(K)|| GArp < 0(l)L d ^^\\K\\ GLArp _ q (143) 
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The proof needs dim0 > and fails for d = 2. However we can obtain a similar 
result for d = 2 if we restrict to the neutral sector. 

Lemma 17 Suppose d = 2, K(X, <ft) is supported on small sets and satisfies the neu- 
trality condition K(X, + c) = K(X, 0) for any real c, and that nh 2 > 0(1) • Then for 
any p, q > there is a constant 0(1) such that 

\\Si(K)\\gm, < O{l)L*-*°V0\\K\\ aMp _ 9 (144) 



Remark: The neutrality condition implies K n (X, 0; fi, f n ) vanishes if any fi is a 
constant. Hence dimi^ n = r n > n for n < r and dimi^ n = r n = r for n >r. 

Proof: Starting from the definition ( p7|) we have 

{S 1 K) n (X,</>) = (KL-iUL'Xcf)) (145) 

Y:Y L =LX 

Thus we need to estimate 

\\{K L -,) n {L- 1 Y 1 <P)\\= sup \K n (Y, (f) L ; f 1;L , f n ^)\ (146) 

ll/illx<i 

By the remark above the supremum can be taken over fields fi such that f^i vanishes 
at a point in Y. For such fields Lemma |15| applies again giving H/^lIIy < 0(l)-^ _1 ||/i||x 
and it follows that 

|| (S 1 K) n (X, 0)|| < ^((^(r^^lK^l)^- 1 )" (147) 

Y 

We proceed as in the proof of Theorem || first summing only over n > dim(i^) so we 
can gain a factor L~ dim ( K K With dim(i^) = k we have 

Y.hVnmS.KUX^a < 0(l)L- k J2\\K(Y)\\ GL , h (148) 

n>k Y 

We do something different for derivatives K n with n < k. We have the representa- 
tion 

K n (Y,cf> L ;fn = Er 1 !^^?"^^ 

„l /i j.\fc— n— 1 

+ / dt [ ; t} K k (YML;<Pt (k - n) xfn (149) 
jo [k — n — 1)\ 

Again by the neutrality condition we can replace 4>l by 0l(?/) = (Pl(v) — 0l(?/*) for 
some G Y, and similarly for fi. Now in M, Lemma 15, it is proved that 



Tl 



\K n (Y,0;fn\ < (O(l)TL- d ™ K "\\K n (Y,0)\\ J[ \\f,\\ x (150) 
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Use this bound on the terms in the sum. The remainder is estimated using ||0z,||y < 
0(l)L- l \\^)\\ x from Lemma |T|. We find 



||(5 1 if) n (A' l 0)||<O(l)L-*X; 

Y 



E 11^.(^0)11 ii0iir n + / * (l-*)*-"- 1 11^(^^)11 (i5i) 

Now multiply by G(k, X, 0) _1 . For the remainder term we use 

G(k,X,<PY 1 = G(/?t 2 ,X,0)- 1 G(fi:(l-t 2 ),X,0)- 1 

< G^K^y^x^GMl-* 2 ),*,^)- 1 (152) 

where we have used (|92|) again. We next use 

sup \\4>\\ a x G(k(1 - t 2 ),X, 0) _1 < 0(l)( K (l-t 2 ))- a / 2 (153) 



This is a Sobolev inequality on derivatives of order up to r and needs s > d/2 + r. For 
the zeroeth derivative we dominate by a first derivative and then use the Sobolev 
inequality. Here we use the fact that X is necessarily small and so has diameter 0(1). 
Now the integral over t can be estimated by 0(l)\\Kk(Y)\\Q L K~ <yk ~ n ^ 2 . The terms in 
the sum over m are treated similarly and we end up with 



k 



HGSii^POilG < 0{l)L~ k Y. E \\K m {Y)\\ GL (154) 



Y m=n 

Since kT x I 2 < 0(l)h, this leads for n < k to 

h n 
n! 



\\{s 1 K) n (x)\\ G <o(i)L- k 'E\\K(Y)\\G L * (155) 

Y 



Combining this with ( |148|) we find 



IK^iOWII^ < 0(l)L- k J2\\K(Y)\\ GL!h (156) 

Y 



and the result follows as before. 



□ 



4 The infrared problem 

We return to the sine-Gordon model in d = 2. The infrared problem for /3 > 87r is to 
study the partition function 

Z= exp I C / cos((/)(x))dx ) d/i^M (</>) . (157) 
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in the limit M — > oo. In particular we want to prove Theorem [I]. 

We shall use a family of polymer activity norms defined for j = 0, 1, 2, ... by 

H^ll; = II • \\G( Kj ), hj ,r (158) 

where the underlying 0-norms in ( p3|) are taken with r = 4, s = 6. The large field 
regulator is G{nj) defined by (|25| ) with 



«o E2' fe (159) 



>fc=0 



We choose c = (8Lc s ) _1 and /€ c _1 L 2 sufficiently small that Lemma ^| holds (thus 
K o < 0{L~ 3 )). Note that increases slowly in j. The domain of analyticity is defined 
by 

h j = h O0 [l+ £ 2- fe ] (160) 

with /ioo = K Q 1 ^ 2 (so /loo > 0(L 3 / 2 )). Note that /ij decreases slowly in j and that 
Kj hji > K^ 2 h 00 = 1. Finally T is defined as in (^7|). We restate Theorem [I] as follows: 

Theorem 18 Let (3 be chosen from a compact subset of (8n, oo), let < e < 1, and 
let L be chosen sufficiently large. Then there is a number ( such that for all ( real with 
|C| ^ C an d an V < j < M the partition function has the form 

Z = e £ i J 8xp{U + Kj)(X M -j, <j>)d^ v M- j{aj) (4>) (161) 

where the polymer activities Kj are translation invariant, and even and 2tt -periodic in 
4>. They satisfy the bounds 

< 6i\C\ l - £ (162) 

where 5 = 0(1) max{L -2 , L 2- ^/ 4 ""} < 1/4. Furthermore the energy density and the 
field strength have the form 

j'-i 

k=0 



k=0 



and satisfy the bounds 



\S£ k \ < 0{1) 5 k |Cr- £ |AM- fe | 

\5a k \ < 0(1) h-J 5 k \t\ l ~* (164) 
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Remark: Since H-R^Hoo < the version stated in Theorem [1] follows as well. 

Proof: The proof is by induction on j. For j = we write the interaction as a sum 
over unit blocks, make a Mayer expansion, and then group together into connected 
components to obtain 

exp( £ (V(A)) = £ n(e^ (Al) - 1) = Sxp(D + K )(A M ) (165) 

AcA A / {Ai} i 

Here K Q is supported on connected polymers and is given by 

K (X) = (e CF(A) - 1) (166) 

AcX 

However by Lemma |2(J in the appendix we have the estimate for \(\ sufficiently small 

\\e^ A) - l\\x, h0 < Id 1 ' 612 (167) 



Hence HifoPOIIi^o < (|C| 1_< ^ 2 )' X ' an d it follows by a standard bound [13| that ||ifo|| < 
|^| 1_e . Thus the representation and the bound hold for j = 0. 

Before proceeding to the general step of the induction we specify the extractions we 
want to make. For an expression £xp(D + K)(A,<f>), the extracted part F = F(K) is 
taken from the neutral sector K(X, <fi) = {2tt)^ 1 K(X, $ + for small sets. It is 
chosen satisfying F(X, <fi + c) = F(X, <fi) and so that dim(.K" — F) is larger than zero. 
In fact we want to choose F so that dim(.K" — F) > 4 ( this is why we need r = 4). 
These conditions are more than sufficient to beat the factor L 2 in the scaling step. As 
noted earlier the neutrality condition implies dim(.R~ n ) > min(n, 4) , and hence we may 
take F n = for n > 4. Also note that K n (X, 0) = for n odd, and hence we may take 
Fi,Fs = 0. The remaining conditions are for small sets X: 

(K-F) (X,0) = 
{K - F) 2 {X,U-x^x v ) = 
{K -F) 2 {X^x p) x u x p ) = (168) 

If we define the extracted part by F(X) = Z)a-^(A, A) and 
F(X,A,0)=a(°)(X)+£aS(X) [{d^^ + T, a ?U X ) / A (M(^) ( 169 ) 

then the conditions ( |168| ) determine 

a®(X) = [XI- 1 K (X,0)1 S (X) 
a®(X) = (2|X|)- 1 ir 2 (X,0;^,x,) 1 S (X) 
a® p (X) = \X\- l K 2 {X^x^x u x p )l s {X) (170) 
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where I5 is the characteristic function of small sets. The last two equations define 
F = F(K). 

Now we continue with the induction, supposing the theorem is true for j and proving 
it for j + 1. The RG applied to £xp{p + Kj)(AM-j, (ft) starts with a fluctuation integral 
with the measure fipCj where 

Cj(x -y) = v^~°{a jl x- y) - v^~ 3 ~ 1 (a j , (x - y)/L) (171) 

Let Tj be the map on polymer activities associated with this operation, so the new 
activities are Kj = TjiKj). Next we extract Fj = F(K^) with coefficients <x,- as 
specified above. Finally we scale to the volume A^-y-i. Thus as in Theorem [T~0| : 



= exp( Yl F j( X i<f>L)) ^(□+^ +1 )(A M - j -i,0) (172) 

\XcA M -j / 

where 

K j+1 = KjiKj) ee S(£(K*,F(K*)) (173) 
Using the lattice invariances one can prove that 

5>f(X) = 5E j 

£ otf^{X) = -(2/3)- 1 V 5a 3 
xda 

E ^l, vp (X) = (174) 
xda 

for some constants 5Ej,5aj. Now (|172|) becomes 



(/^ c , * Sxp(n + Kj)(A M .j))(<l> L ) (175) 
exp (^IAm^I - § / (0(f)) 2 ) Sxp(n + K J+1 )(A M ^ U 0) (176) 



The partition function Z is the integral of this with respect to /i^m-j-i^ y Absorbing 
the J{d(p) 2 term into this measure changes v(crj) to v(aj + i) with 

a j+1 = Oj + 5a j (177) 

and we have 

Z = e £ ^ J Sxp(n + K j+X ){K M ^ 4>)d^ v M-^ {a . +i) {4>) (178) 



31 



where 



£ j+ i = Sj + 5Ej\K M -j \ + log 



exp {^L^n ^rf-'-^W 



(179) 



VM-j-l 

This establishes the required form (|161|) for j + 1. 

Theorem |10| will be used to obtain a crude bound on HKj+iUj+i. With 8hj = 
hj — hj+i = 2~i hao and 8nj = Kj+i — Kj = 2 -j ' -1 /cq we check the hypotheses of this 
theorem. 

1. This is true by the inductive assumption on Kj for ( sufficiently small. 

2. True by our choice of kq, c. 



3. First note from Lemma ^3] in the appendix that ||/3Cj||* is bounded uniformly in 
j. Also 5^(5hj)~ 2 is bounded uniformly in j for L sufficiently large, and therefore 

n^-iii < ^icr- < MpCjiur^shj) 2 (i8o) 

holds for all j provided ( is small enough. 

4. The stability conditions will be verified by using Lemma PH in the appendix which 
involves 

||apO|| a = \a<»\X)\ + a 2 £ \<*${X)\ + a 2 £ \(a%(X)\ (181) 

(J.V fJ,Up 

By this lemma Fj is stable for (G^(/Cj-), hj+i, fj(X)) if we take the definition 
fj(X) = 0(l)\\ aj (X)\\ h . +1 . We need H^Hr., small and Wf^ < 0(l)\\Kj\\j and 
it suffices to show the latter. Now in the definition of otj(X) replace x by x — x* 
where is some point in X. Then we obtain the estimates for n = 0, 2 

|af (X)\ < O(l)\\K*(X,0)\\ < O(l)\\K*(X,0)\\ < 0(l)\\K*(X)\\ Gi{Kj) (182) 
It follows that 

hj(X)\\ h . +1 < 0(l)\\K*(X)\\ Ge(Kj)!hj+1 (183) 

and hence 

||/,|| r _3 < 0(l)||^ # lk(^), W _ 3 < 0(l)\\Kj\\j (184) 

Since / is supported on small sets the same bound holds for ||,/j||r_i- 

Lemma |2l] also says that F is stable for (Ge{Snj), hj+i, Sfj(X)) if we define 
Sfj(X) = 0(l)\\aij(X)\\ s -i/2. We must show that ||5/j||r_ 3 is sufficiently small 

i 

under our hypotheses. We have that 1 < 8k J hj+i < 2- 7+1 and hence \5fj(X)\ < 
0(l)2i\fj(X)\. Therefore 

|*/ilr_, < 0(l)2 i |/ i |r_ 3 < 0(l)2i^||, < 0(l)(25y\(\^ (185) 
which is small for ( small. 
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This verifies the hypotheses of Theorem ITUI and we conclude 



\K j+1 \\ j+1 = \\R j (K j )\\ j+1 <0(l)L 2 \\K j \ 



186) 



It remains to improve the crude bound on Kj +1 to || < so we get 

the required < 5- ?+1 |C| 1_<E . To accomplish this let I5 (respectively I5) be the 

characteristic function of small (large) sets, write Kj = J2 q k q as in ( |116| ), and make 
the decomposition 



K j+1 = n> 2 (K 3 ) + Tl^Kjlg) + KriY, k q l s ) + Ki(kol s ) 



187) 



We will show that each of the four terms on the right can be bounded by (5/4)11^11^. 



1. As above one can check that Theorem [H] holds for sKj, sFj with \s\ < L A . Then 
by Lemma [TT| with D = L A 



(188) 



2. The extraction is zero on large sets and so by Lemma 12 



1^(^15)11^ = \\ s+1 < O^L-'WKjl < -\\KjWj (189) 



3. There is no extraction in lZi(k q ls) since the extraction is based on ^(kqls) = 
Fiikqls) = 0. Hence the third term is J2 q M SiFii^q Is) which we bound by 
putting together Lemmas [13|, [14]. As in ( |132|) we have 



WttikMh+x < O(l) ^e 2 ^^ kl e -(l^l- V2)^ (o) p g 1 1^ (190) 
However by estimates on Cj in Lemma ^ in the Appendix we have 

N pCj < PWdC^ < 0(1) (191) 

and 



loeL 



+ 0{e 



-L M ~i- l /2\ 



(192) 



^' 27T(l + <7 i , 

Using also ||&g||j < and the bound on Oj we have for L sufficiently large: 



\Ki EMs lli+i < 0(l)L 2 J2(e 

\q^0 J q^O V 



2 V" ^-|9l(/3C J (0)-27V /3Ci )+/3C j (0)/2 



\K 



J \\J 



< 0{l)L 2 ~ p/ ^\\K. 



3 \\3 



< -\\KA\i 



(193) 



33 



4. This term has the desired bound because of the extraction. Let = J-'i(kols)- 
Then we have TZi(k ls) = Si(K^ — F(K^)). The extraction F is defined so that 
dim(A^ — F(K^)) > 4, but we have K' = (since the same is true of ko) and 
hence dim(^ — F(K*)) > 4. Then Lemma [17| applies (note Kj + ih^ +1 > 1) and 
gives 

||^i(Ms)||,+i < 0{l)lT 2 \\tf - F(tf)\\ GliKj+l)ihj+lX _ 3 (194) 

Now || ATt || 

G^(/tj + i),/i j+ i,r_3 — • Furthermore the same bound holds for 

F(K'). To see this extend the argument of Lemma 21 in the appendix. If a' is 



defined from K* we argue as in ( |239| ) and ( |183| ) and find 



\\(F(tf))(X)\\ Ge(Kj+l):hj+1 < 0(1) llat^H^ < 0(l)\\K^X)\\ Gi(K . +l) , hj+1 

(195) 

which is enough. Thus 

||-fci(*bl*)|| i+ i < O^L-^KjWj < ^WKjWj (196) 

This completes the bound on ||i^ +1 ||j- +1 . The last step is to establish the bounds 
(IH). Using ( TO we have 

i^i < o(i)ii^ii GH ^ ) , r _ 3 < 0(1)11^-1^. < o(i)^icr- e 

1^1 < OCl^llJCfllo^jr.. < OClD/ijilll^ll^ < C»(l)/ l - 2 ^|C| 1 - (197) 

We also need to bound 5£j. Let v = v^ I ~-'~ l (aj) and let T = t> 1 / 2 At> 1 / 2 , a positive 
self-adjoint operator. Doing the integral in (|179|) we find 



5£j = 5Ej\A M -j\ +log(det(l + <5a J T)" 1 



= mA AH |-^(log(l + ^T)) (198) 

But ||T|| < 2 and \5aj\ is small so the spectrum of SajT is confined to a small neigh- 
borhood of the origin. Hence | log(l + A)| < 0(1)|A| for any eigenvalue A and hence 

|tr(log(l + &7/T)) | < 0(l)tr(\6<TjT\) = 0(l)\5<T,\br(T) < 0(1) 1^ 1 1 A^-^ -1 ] (199) 

where the last step is an explicit computation. Now the bounds on 5Ej and 8a j yield the 
bound \SSj\ < 0(l)5 3 '|C| 1_e |A_if-j|. This completes the proof of the infrared theorem. 

□ 
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5 The ultraviolet problem 

The ultraviolet problem on the unit torus Ao for (3 < 8tt is equivalent to a scaling limit 
for unit cutoff theories. Thus we study the iV — > oo limit of the partition function 

exp (^C~n J cos(0(x)) dxj dfj,p v N(<f>). (200) 

After a number of RG transformations the RG index will increase from — N to a 
value j < and we will be on a volume Aui with a coupling constant which will have 
grown from the ultra small £_jv to 

Q = L-We? v ° ] W 2 C (201) 

At this point polymer activities are estimated with a norm essentially the same as for 
the IR problem, but with relaxed smoothness in characterized by r = 2, s = 4 in 
(H). We take 

II ' 1 1 j = II ' \\G(K),hj,r (202) 
with c = (8Lc s ) _1 , k = (D(L~ 3 ) sufficiently small so that Lemma [5] holds, and 



hj = ho 



k=l 



E2- 



(203) 



(which decreases in j) with ho = k l l 2 = 0(L 3 ^ 2 ), and T as in 

Our aim is now to prove the following refinement of Theorem |^. 

Theorem 19 Let (5 be chosen from a compact subset of (0,87r), let < e < 1/4, and 
let L be chosen sufficiently large. Then there is a number ( such that for all ( complex 
with |C| < C an d an V ~N < j < the partition function has the form 

Z = e £ > J Expiu + Kj)(A\j\, <j>)dn^\ (0) (204) 

The polymer activities Kj are translation invariant, even and 2tt -periodic in 0, analytic 
in ( and have the form 

Kj = QV + Kj (205) 
where V is given by (\T8j). We have the estimates 

WCjVh < IQl 1 - 6 

\\KjWj < |C,f- 4e (206) 

Furthermore, the energy density has the form 

3-1 

£j= ^fel A |fe|l (207) 

fe=-JV 

where 

\5E k \ < 0(l)\Ck\ 2 - 4e (208) 
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Proof: The proof is by induction on j = —N, ... — 1. For j = —N the initial density 
can be written just as in the IR problem as 

exp(C- N I cos0) = £xp(a + K- N )(A N ,</>) (209) 

JA N 

where K_n is supported on connected polymers and given by 

K_ N (X) = J] (e^^ - 1) (210) 

AcX 

If X = A we write K- N (A) = C-nV(A) + K^ N (A) where 

K- N (A) = e <- NV{A) - C-nV(A) - 1 (211) 

The bound ||i^_jv(A) ||i > / l _ JV < | C— iv 1 2 e now follows from Lemma ^ in the appendix. 
Also for \X\ > 2 we have \\K„ N (X)\\ hh _ N = \\K. N (X)\\ lth _ N < 0(l)(|C_^| 1_e ) |x| . 
From these two bounds we can deduce that for j = —N 

\\K- N (X)\\G( K ), h -»,v=\(-N\ 2 - 2e (212) 

Thus the theorem is established for j = —N. 

Next we specify the extractions F(K) from a polymer activity K in the general 
step. Again the extraction is from the neutral part on small sets, but now we only need 
dim(K — F(K)) > 2. Thus we extract only the constant 

(F(K))(X) = a(X)\X\ = K(X,0) 1 S (X) (213) 

Now we suppose the theorem is true for j and prove it for j + 1. Starting with 
£xp(D + Kj)(A\j\, <p) we do a fluctuation integral with the measure where 

Cj(x -y) = t#'(0, x-y)- v ] Q j+1{ (0, (x - y)/L). (214) 

This produces new polymer activities Kf = T{Kj). Then we extract Fj(X) = 
aj(X)\X\ = K^(X,0)ls as above. Finally we scale down to the volume A|j +1 |. Thus 
we have as in Theorem [H] 

(ji () c*£xp(P + K j )(A ]j \))(<f> L ) 
= expf J2 ^(X)|5zp(n + lf i+ i)(A| i+ i[» 
= exp(^|A b1 |)£xp(n + ^ +1 )(A u+1 |,0) (215) 

8E S = £ a 3 {X) 
xda 

K j+1 = n(K J )=S(£(K*,F(K*))) (216) 
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where 



The partition function is obtained from ( |215| ) by multiplying by e £j and integrating 
with respect to and has the required form 

Z = e £ ^ J £xp(a + K i+1 )(A| i+ i|,0)^u +1 |(0) (217) 

where 

e j+1 = £ j + 6E j \A ]j] \. (218) 

Next we check the hypotheses of Theorem [10] with Shj = hj — hj+\ and 5n = 0. It is 
easier than before since only constants are extracted. A degenerate version of Lemma 
21] with = implies that Fj is stable for (G^k), hj + i, f(X)) and (l,hj + x,5f(X)) 
with /(X) = 5f(X) = 0{l)\ aj {X)\ . Since la^^ < 0(1)11^1^ is certainly small 
enough, the stability assumption of Theorem |X0| holds. The other assumptions are 
easily checked and we conclude 

ll^'+ilU < 0(1)L 2 ||^1- (219) 

The leading behaviour of the RG is given by noting that 

Tl^QV) = Q+iV (220) 

Indeed simple computations give F X (V) = e -^ c (°)/ 2 1/ and S^V, F{V)) = V-F(V) = V 
and S 1 V = L 2 V. Thus K^QV) = L^-^^QV and since L 2 e-^' 2 Cj = Cj+i the 
claim is verified. Because of this we now have: 

K j+1 = KtiKj) + 1Z> 2 (K 3 ) (221) 
If we expand Kj = J2q k q on small sets as before this can be written 

Kj+i = K> 2 (Kj) + n^ls) + TlxiY, Ms) + ^i(Ms) (222) 

To show || A'j+iUj+i < |Cj+i| 2_4<: we show that each of the four terms on the right of 
2D can be bounded by |Cj+i| 2 " 4 74. 

1. One checks that Theorem |X0| holds for sKj,sFj with s < |Cj| _1+2e - Then by 
Lemma [XT] with D = |Cj| -1+2e we have 



||ft>2(^-)|| i+ i < OMltfcf-xWKiWj < |0| 2 " 4 74 (223) 
2. No extractions are taken from large sets so TZi(Kjlg) = SiTi{Kjlg). Therefore 



we can use Lemma [12] and find 

11^(^1^)11^ < 0(1)L- 2 ||^.1 5 -|I, < ICf- 4 74 < IO + i| 2 - 4 74 (224) 
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3. The third term is bounded using Lemmas [T3| . |14| just as in the infrared section, 
and we gain a factor e -W")/H% = 0(1)L~^. We have 



( -\q\(/3C(O)-2N 0C )+(3C(O)/2\ 




< 0(l)L 2 ~^\Q\ 2 - 4e 

< 0(l) L (2-^/4 7 r)(l-(2-4 e ))| C . +i |2-4e 

< l0 + i| 2 - 4 74 (225) 
Here we have used \Q\ < 0(1)L-^^ 



4. Letting = F^koU) we have fti(Jfeols) = - F(K^)). The extraction F 

is now defined so that dim(i^ — F(K')) > 2 and Lemma [D] gives 

\\Ki(k l s )\\ j+1 < 0(1)\\K? - F(K^)\\ Gljhj+lir _ 3 (226) 

This is bounded by 0(1) ||iT t ||G^ i+1 ,r_ s < 0(1) ||^ || , and thus 

Il^i(*bl5) < O(l)l0| 2 - e < IO+i| 2 -74 (227) 

Now the bound on is complete. Next we need the bound on 5Ej. We 

have as before 

\SE S \ < 0(1)\\K* ||^ +1) r_ 3 < 0(1)0^1^ < 0(l)|C/- e (228) 

But we are claiming more, namely that the bound is actually 0(l)\(j\ 2 ~ Ae . To see the 
improvement note that SEj depends on Rf where Kf = T{Kj) = T\{K^) + F>%{Kj) 
Since T\{K$) = J r i(Kj) and since V — this term only depends of Kj. Thus both 
terms are 0(\Q\ 2 ~ 4e ). We omit the details of this estimate. 

The analyticity of Kj(X,<ft) in ( follows by observing that K_n{X, <ft) is analytic 
for complex |£| < £ and that each RG transformation preserves this property. This 
completes the proof of the ultraviolet theorem. 

□ 



A Appendix 

A.l Estimates on potentials 

Lemma 20 Let V(A, 0) = f A cos((f>(x))dx for a unit block A. Then for any complex 

C- 

\\V(A)\\ G=hh < e h 

||e cv(A) || G=Vl < 2exp(|C|e 2h ) (229) 
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Furthermore for < e < 1 and \(\ sufficiently small (depending on h,e) 

||e cv < A > - 1\\g=i,h < ICI 1 " 6 
\\e^-(V(A)- l\\ G=lih < |C| 2 " e (230) 



Proof: A computation shows that ||V^(A,0)|| < 1 and the first bound follows. For 
the second bound we compute the n th derivative and resum as in H and find 

^ll(e^ {A) ).(0)|| <expf£^|C|||K(A,0)||) (231) 

U - \n=0 U - ) 



Again we use ||Ki(A, 0)|| < 1 and then take the supremum over <fi to obtain 

(e^ A ))„|| G=1 <exp(|C|e 2/l ) (232) 



nl 



Now multiply by 2 n and sum over n to get the result. 
For the third bound we write 

e CV(A) _ i = _L / 4 dz (233) 

2vri J z(z - 1) V ' 

where the contour is the circle \z\ = \(\~ 1+e / 2 > 2. Since ||e 2 ^ A ) \\ ljh < 0(1) for \(\ 
small by the second bound we get a bound C(1)|C| 1- ^ 2 < |C| 1_e - The fourth bound is 
similar. This completes the proof. 

□ 

The next lemma is useful in verifying the stability hypothesis. Fix a unit square A 
and consider a family of quadratic polynomials F(X, A) defined for small sets X D A 
which have the form 

F(X,A) =a ( - 0) (X)+ a< S( x ) [ d a (j){x)d b (i){x)dx (234) 

l<|a|,|6|<r A 

where a, h are multi- indices. (We could as well include a term linear in dip.) We also 
define 

||a(X)||« = \a^\X)\+a 2 \a^\X)\ = \a^{X)\ + a 2 (235) 

ah 

Lemma 21 Let a(X) be supported on small sets and let a = max{K -1 / 2 , h} for k < 1 
and h > 1. Also let k = 0(1) be the number of small sets containing a unit block A. 
Then for all complex z(X) satisfying 

40A;|z(X)|||a(X)|| o <l (236) 
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we have 

|| exp ( z(X)F(X, A)) y {K)th < 2 (237) 
\xda ) 

Thus F is stable for (G'(k), h,4Qk\\a(X)\\ a ), 

Remark: Similarly F is stable for (G[(K),h,0(l)\\a(X)\\ a ) with a larger constant 
0(1). 

Proof: We have as above 

^H|(exp(£ z(X)F(X,A))) (0)|| < exp ( £ |z(X)| £ ^f||F n (X, A, 0)|| ) 

U - \ XDA /„ \XdA n=0 n - / 

(238) 

Now compute the derivatives and estimate them by 

\F (X,A,<f>)\ < |«(°)(X)| + |a( 2 )(X)|||90||^ A 
Ili^A^H < 2|a( 2 )(X)|||^|| s , A 

||F 2 (X,A,0)|| < 2|a (2) (X)| (239) 

Then estimate 

£ ^f\\F n (X, A, 0)|| < \aF>{X)\ + (\\d<P\\l A + 6h\\d<j>\\ sA + 9h ") l« (2) ( X )\ 

< |aW(X)| + (lO||^|| 2 A + m 2 )|a( 2 )(X)| 

< |«(°)(X)| + lOa 2 (l + K ||90|| 2 A )|a( 2 )(X)| 

< 40(1/4 + K\\d<j>f sA )\\a(X)\\ a (240) 

Now since 40|z(X)|||a:(X)|| Q < k~ l we find 

2 C\h\ n 

E \z{X)\Y,^\\F n {X^M\<y± + 4\d<t>\\\s (241) 

XdA n=0 



Using this in ( |238|) yields 

{3h) n . 



rv. 



(exp( £ ^(X)F(X, A))) || G , W < ei (242) 



Now multiply by 3 n and sum over n to obtain the result. 



□ 
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A. 2 Estimates on covariances 

Let Coo(cr, x) be the covariance on R d , d>2 denned by 

C^a, x) = (2n)- d / dp — [(e p + a)' 1 - (e 



(243) 



Lemma 22 1. There is ctq = 0(1) such that for \a\ < a$ and any multi-index j3 
there are constants ci,c 2 such that 



I^OoMI < Cl exp(-\x\/L) 
Cqq^c , x) \ dx < c 2 



(244) 



The constant c\ = 0(1) logL for d = 2, (3 = 0, but may be chosen independent of 
L otherwise. We also have c 2 < 0(1) f^ s l ~^ds. 



2. Ind = 2, 



Coo(<T,0) 



2tt(1 + a) 

Proof: We rewrite the covariance and its derivatives as 



(245) 



dPCnfax) = (27T)- 



ds 



-,tpx 







dp —{ipf (-^-)(e s p 



V 

ipx 



(2n)- d ds / dp —iip) 

Jl JR d p z 



ds' 
,(4s 3 pV V ) 
( e *V + a) 2 



4(2vr) 



ds 



1 s d ~ 1+ W JRd 



dp e 



is px 



(ip) l3 p 2 



(eP 4 + a) 2 



(246) 



The function in brackets is analytic, bounded and integrable in the strip |Im(p)| < 1 
around the real axis when \o~\ is small. Therefore we can shift the p integral one unit 
in an imaginary direction and exhibit the exponential decay in x. We find 



I^Coofoz)! <0{l) 



ds 



j 1 s d-i+\p\ 

and the bounds (|244|) follow. In d = 2 we compute 

C^faO) = 7T~ 2 — 2nrdr 
Jl s Jo 

logL 



2 r 4 

re 



[e ri + a) 2 



2tt(1 + ct) 



This completes the proof. 

Now let C M (a,x) be the covariance on Am as defined in 



(247) 

(248) 
(249) 

□ 
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Lemma 23 Let \a\ < a . 

1. For any multi-index j3 and \x\ < L M /2 

\d p C M (a,x)\ < 0(l)ciexp(-|x|/L) 
J \d p C M {a,x)\dx < 0(l)c 2 (250) 

2. Ind = 2, 

C M (^) = ^^ )+ 0(l)e-^ (251) 

Proof: We have the representation 

C M (a,x) = ^ Cnfax + nL") (252) 
nez 2 

This follows since both sides are doubly periodic with period L M , and they have the 
same Fourier coefficients, namely p~ 2 ((e p4 + o") -1 — (e L4p4 + c) -1 ) for p ^ and for 
p = 0. The terms in the sum are estimated by the previous lemma and we obtain all 
the stated results. 

□ 
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